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^ i We present the first steps needed for an analysis of the perturbations that occur in the cos- 

■ mology associated with the conformal gravity theory. We discuss the implications of conformal 

! invariance for perturbative coordinate gauge choices, and show that in the conformal theory the 

<~^. trace of the metric fluctuation kinematically decouples from the first-order gravitational fluctuation 

^ equations. We determine the equations that describe flrst-order metric fluctuations around the 

bJ) illustrative conformal to flat de Sitter background. Via a conformal transformation we show that 

such fluctuations can be constructed from fluctuations around a flat background, even though the 

J> ', fluctuations themselves are associated with a perturbative geometry that is not itself conformal 

^ ■ to flat. We extend the analysis to fluctuations around other cosmo logically relevant backgrounds, 
^ ■ 

Tj- ] such as the conformal to flat Robert son- Walker background, and flnd tensor fluctuations that grow 
far more rapidly than those that occur in the analogous standard case. We show that while the 
standard gravity tensor fluctuations around a de Sitter background are also fluctuation solutions in 
the conformal theory, in the conformal case they do not carry energy. 
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X: 

c^'. 1 Introduction 

As a possible candidate alternative to standard Einstein gravity, conformal gravity is attractive in 
that it is a pure metric theory of gravity that possesses all of the general coordinate invariance 
and equivalence principle structure of standard gravity while augmenting it with an additional 
symmetry, local conformal invariance, in which the action is left invariant under local conformal 
transformations on the metric of the form g^,^{x) — )■ e^"^^^g^iy{x) with arbitrary local phase a{x). 
Under such a symmetry a gravitational action that is to be a polynomial function of the Riemann 
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tensor is uniquely prescribed, and is given by (see e.g. pQ) 
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where 



Cx^uK — RxfiuK. — - ioxuRfiK — gxK^fiu — g^ivRxK + gfinRxu) + g-^"a {gxugfiK — gxngfiv) (2) 

is the conformal Weyl tensor and the gravitational coupling constant is dimensionless j2]. With 
the conformal symmetry forbidding the presence of any / d^x {—gY^'^IS. term in the action, the 
conformal theory has a control over the cosmological constant that the standard Einstein theory does 
not, and through this control one is able to address the cosmological constant problem [Sj HJ |5l [6] . 
Similarly, with the coupling constant Ug being dimensionless, unlike standard gravity, conformal 
gravity is power-counting renormalizable. And with its unitarity concerns having recently been 
addressed in [71 [5] (where a Hilbert space realization of the theory was constructed in which there 
are no negative norm states), and with its trace anomaly concerns having been addressed in |H] 
(where it is shown that the conformal trace anomaly in the matter sector can naturally be cancelled 
by the contribution of gravity itself [9]), the theory is advanced [S] as a potential quantum theory of 
gravity in four spacetime dimensions. Since conformal invariance requires that there be no intrinsic 
mass scales at the level of the Lagrangian, in the conformal theory all mass scales must come 
from the vacuum via spontaneous symmetry breaking. With such mass generation particles can 
then localize and bind into inhomogeneities such as the stars and galaxies that are of interest to 
astrophysics. 

With the conformal theory being a renormalizable quantum theory at the microscopic level, then 
just as with electrodynamics, one is assured that its macroscopic classical predictions are reliable 
and not destroyed by quantum corrections. Consequently, application of the theory to macroscopic 
astrophysical phenomena allows one to test the theory. Early work in this direction was provided 
in [in] where the theory was used to successfully fit the rotation curves of a set of 11 spiral galaxies, 
with the mass to light ratios (M/L) of the luminous optical disks of each of the galaxies being 
the only free parameters, and with no dark matter being required. More recently a systematic, 
broad-based study [HI |12l US] of rotation curves extended the fitting to a total of 138 galaxies (a 
varied sample consisting of high surface brightness, low surface brightness, and dwarf galaxies), and 
again acceptable fitting was obtained with the mass to light ratios of the galactic optical disks being 
the only free parameters, and again with no dark matter being required. The success of conformal 
gravity in fitting no less than 138 galactic rotation curves with just one free parameter per galaxy is 
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very encouraging for the theory. And with its not needing to invoke dark matter, the very success 
of the fitting calls into question the validity of dark matter theory, where in addition to the optical 
disk mass to light ratios, one typically needs two free parameters for each galactic dark matter halo, 
and a thus additional 276 free parameters for the 138 galaxy sample. 

For cosmological applications, conformal gravity has been found capable of providing a natural 
explanation for the accelerating Universe supernovae data [HI H]. Specifically, in the conformal 
theory the background Robert son- Walker (RW) cosmology is found to naturally be an accelerating 
one at all redshifts, so that unlike the situation that occurs in the standard cosmology, in the 
conformal case there is no need to fine-tune the theory so as to force the Universe to transition from 
deceleration to acceleration at a late redshift of order one. The conformal theory thus naturally 
addresses the dark energy problem that challenges the standard cosmological theory. 

In addition to galactic rotation curve data and cosmological background data, the conformal 
theory also needs to confront the wide variety of data (such as cluster dynamics, lensing by clusters, 
large scale structure, anisotropy of the cosmic microwave background) that are associated with 
departures from the homogeneity and isotropy of the cosmological background. In this paper we 
take a first step in that direction. In Sec. II of this paper we discuss the general structure of the 
fluctuation equations in the gravitational sector of the conformal theory, and discuss the implications 
for these equations of conformal invariance and coordinate invariance. In Sec. Ill we determine 
the equations that describe first-order metric fluctuations around the illustrative conformal to flat 
de Sitter background, leading to our key fl49l) below. And in Sec. IV we utilize the underlying 
conformal structure of the conformal theory to relate the tensor mode (gravity wave) solutions of 
those equations to the tensor modes associated with fluctuations around a flat background, being 
able to do so even though neither set of tensor mode fluctuations is associated with a perturbative 
geometry that is itself conformal to flat. In Sec. V we extend our analysis to fluctuations around RW 
backgrounds with any possible spatial curvature K, and obtain closed- form expressions (189|) . (11151) 
and (11171) for the tensor mode fluctuations in the i^' = 0, i^' > and K <{) cases. In this section we 
also introduce the matter sector energy-momentum tensor needed to fix the expansion radius 
a{t) of the RW geometry. Since the conformal gravity gravitational tensor (the quantity W^'^ given 
in ([3]) below) is traceless, in order for to serve as its source, it too would need to be traceless. 
Now while a conformal invariant matter sector is automatically traceless in the symmetry limit 
in which particle masses are zero, in order for to continue to be the source of W^'^ , it would 
need to remain traceless even after particles acquire masses and macroscopic inhomogeneities built 
out of them form. In Sec. V we show that the tracelessness of the matter sector energy-momentum 
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tensor is in fact maintained when the matter fields acquire masses dynamically via a scalar field 
vacuum expectation value, with it being the energy and momentum of the selfsame scalar field that 
serves to keep the matter sector trace equal to zero. In Sec. VI we discuss some imphcations of our 
work, and in particular its connection to the rotation curve studies of [HI [121 US]- Also in Sec. VI 
we show that while the standard gravity tensor fiuctuations around a de Sitter background are also 
fiuctuation solutions to conformal gravity, in the conformal case these particular fiuctuations carry 
no energy. Finally, we note a possible connection between Einstein gravity and conformal gravity. 

2 Formalism and Coordinate and Conformal Invariance 
2.1 General Formalism 

With the Weyl action /w given in ([T]) being a fourth-order derivative function of the metric, func- 
tional variation with respect to the metric g^u{x) generates fourth-order derivative gravitational 
equations of motion of the form [1] 

2 (5Jw 



^^■(1) "^''"^ "'(a) 
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where the functions ly/^^ and W^'^^^ are given by 



K2) = \g'''{R\y^., + R''''^.B-R'^'''-B-R''^''-3-'^R'^R\ + \9'^ (4) 



Since W^^ is obtained from an action that is both general coordinate invariant and conformal 
invariant, it is kinematically covariantly conserved and traceless and obeys W^^.^^ = 0, g^yW^^'^ = 0. 

Despite its somewhat formidable appearance, especially compared to the standard second-order 
derivative Einstein equations 

- ( R^"" - -g^^R^a) = T^"", (5) 

SttG V 2^ ' ^ ' 

([3]) immediately admits of two key vacuum solutions, namely solutions with vanishing Weyl tensor 
and solutions with vanishing Ricci tensor (and thus with vanishing Wj^^ and Wj^^). Solutions with 
vanishing Weyl tensor include the cosmologically relevant de Sitter and RW solutions, since the 
line elements of both geometries can be written in the conformal to fiat (and thus vanishing Weyl 
tensor) form 

ds"^ = Vt^{t,x,y,z) [-dt^ + dx^ + dy'^ + dz^] (6) 
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for appropriate choices of the conformal factor Q{t,x,y, z). Solutions with vanishing Ricci tensor 
include all vacuum solutions to Einstein gravity such as the Schwarzschild solution exterior to a 
static, spherically symmetric source. 

In cosmological solutions the geometry is homogeneous and isotropic about every point of the 
spacetime, to thereby cause the associated Weyl tensor to vanish, while the exterior Schwarzschild 
solution is only isotropic about a single point (the center of the spherical source) and has a non- 
vanishing exterior region Weyl tensor (see e.g. [15]). The vanishing or non- vanishing of the Weyl 
tensor thus serves as a diagnostic for the homogeneity or otherwise of a geometry. Cosmological 
fluctuations around conformaly fiat geometries will generate non-conformally fiat perturbative con- 
tributions to the metric and lead to the emergence of inhomogeneities such as the sources that can 
then serve to produce the Schwarzschild geometry. The objective of conformal gravity cosmological 
perturbation theory is thus to monitor the interplay between homogeneities and inhomogeneities, 
and in this paper we talce a first step in that direction. We shall return to the issue of such an 
interplay in Sec. VI where we discuss the rotation curve studies of [HI [121 [13] from that perspective. 

Because the Weyl action is locally conformal invariant, the function W^'^{x) has the property 
that under 

g,,ix) ^ n\x)g,,ix) = g,,{x), g^^{x) ^ n-\x)g^^{x) = ^^^(x), (7) 

W^^{x) and W^y{x) transform as 

W^'{x) ^ n-\x)W^\x) = iy^"(a;), W^,{x) ^ n-\x)W^,{x) = W^,{x), (8) 

where the dependence of W^^i^x) on g^u{x) is the same as that of W^^{x) on g^u{x). The great 
utility of dH]) is that it holds regardless of whether or not the metric is conformal to fiat. Moreover, 
if we decompose each of g^v{x) and g^v{x) into a baclcground metric and a fluctuation according to 

dtJiu {x) = gj^J (x) + V i^) ' 9t^u (x) = g^^} {x) + hf,^{x), (9) 

then W^'^{x) and Wf^u{x) will decompose as 

W,,ig,,) = W^^'Jig^^J) + 5W,,{h,,), W,,{g,,) = W^^J{gf}) + 5W,,{h,,), (10) 

where W^y{h^^) is evaluated in a background geometry with metric gj^Jix), while Wfj_u(hfj.u) is 
evaluated in a baclcground geometry with metric g^^}{x). In addition, since the theory is conformal 
invariant, the matter sector T^i, must transform as VL~'^{x)T^i,{x) = T^^ix), and decompose as 

T,A9,u) = Tl^igf}) + 5T^.(V)> T,,i9,u) = f^^Xgf}) + 5T^.(V). (11) 
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Thus if we know how to solve for fluctuations h^y{x) around a background gj^J{x), i.e. if gj^J{x) 
is such that we can actually find solutions to = ^T^y{h^y) /Aag, we can then obtain 

solutions to SW^^ihfj^^) = 5T^y{h^^) / Aug for fluctuations hfj_^{x) around a background metric g'^J{x) 
simply by setting 

= n\x)h^,{x). (12) 

Since the structure of the fluctuations around a flat background has already been obtained in [5], 
via. f|T2|) we can construct the fluctuations around any background that is conformal to flat. Since 
all cosmologically relevant background geometries happen to be conformal to flat, this is extremely 
convenient, showing that despite its fourth-order derivative nature, there are simplifications in the 
conformal cosmological case that simply do not occur in standard second-order theory. To explicitly 
demonstrate the utility of (IT^ . in Sec. Ill we shall calculate SW^^ih^,^) directly in a background 
with a de Sitter g^^}{x) and then compare it with the 5Wfj,^{h^^) that is obtained when gj^J{x) is 
flat. 

For conformal to flat backgrounds there are yet other differences between the standard second- 
order theory and the conformal case. In the conformal theory case conformal to flat is a vacuum 
solution, to thus require that Tj^J^g'^^}) be zero. Since the standard theory does not take the energy- 
momentum tensor to be conformal invariant, it uses an energy-momentum tensor for which Tj^J^g^^^}) 
is non-zero, with the standard theory and the conformal theory approaches thus having to differ 
already in zeroth perturbative order. For the de Sitter background case for instance, the standard 
theory requires that the background energy-momentum tensor be given by Tj^J{g'^^}) = —Ag*^] with 
cosmological constant A. Moreover, because such a background T^J{g'^^}) = —Ag*^] is non-zero, in 
the presence of a perturbation the background geometry is modified and a perturbative contribution 
to the energy-momentum tensor of the form 5T^y{h^y) = —Ah^^, is induced. In the conformal case 
however, for conformally flat background geometries there are no induced perturbative terms of this 
type, with the standard theory and the conformal theory thus having to differ not just in zeroth 
order but in first perturbative order as well. 

2.2 Implications of Conformal Invariance 

For the purposes of actually evaluating the conformal gravity fluctuation term SW^,^{h^i,), there are 
some convenient simplifications that arise due to the conformal invariance and coordinate invariance 
of the theory. As regards first simplifications due to conformal invariance, consider a situation in 
which there is just a background metric gj^J{x) and no explicit fluctuation, with the background 
metric being such that W^^{g'^J) = 0. Now make a particular choice of conformal transformation 
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of the form Q'^{x) = {1 + A/4), where for the moment A is just an arbitrary small quantity. Under 
this transformation the background metric transforms as 

9^^Kx)-,gl^J{x) + ^g^^Xx) (13) 

while Wl{^{g^^J) transforms as 

W^l\glS)^[l-j]w;,'J{g^^J) (14) 

(as evaluated to lowest order in A), and thus remains zero. From the perspective of perturbation 
theory we can interpret f[T^ as a perturbation on the background metric of the form hfj_^ = Ag'^^J /A, 
and can interpret fll4p as a perturbation on the gravitational equations of motion of the form 
W^,{g^,) = W^l^gj^J) + 5iy^.(V)- Since W^^g^^J) has been set to zero, it follows from dUD 
that when evaluated with an /i^j, given by /i^;^ = Agj^J /A, the quantity SWfj,u{Agj^J /A) must vanish 
identically. However, since the trace of any as determined with respect to the background metric 
is given hy h = g^^^h^^, it follows that for the particular h^y given by h^u = Agj^J/A, its trace is 
given hj h = A. Thus when there is an explicit fluctuation h^^, it follows that since there can be 
no cross-terms between hfj_i, and its trace in first order, the first-order perturbative SWfj_u{hgj^J /A), 
and thus the first-order SWfj,,y{hgjj^J /A), must vanish identically. Consequently, the trace of the 
fluctuation can make no contribution to the first-order gravitational fluctuation equations. Thus 
even though it need not vanish, the trace does not make any contribution to SW^^{hfj^i,). 
To take advantage of this decoupling we introduce a quantity K^y{x) defined as 

K^y{x) = V(x) - ^g^^J{x)g"^-^ha0, (15) 

with K^i, being traceless with respect to the background metric g'^Qy If we now evaluate SW^uih^,^) = 
5W^u{K^y + hgj^J /A) for some general fluctuation h^^,^, we will find that the dependence on h will 
drop out identically and SW^^^hf^,^) will be given as SW^u{h^^) = 5W^y{K^y). Rather than be a 
function of the 10-component h^^, 5W^v must instead be a function of the 9-component K^y alone. 
Note that we are not asserting here that h^i, has been made traceless by a conformal transformation 
(in fact it could not be since g^^-^h^^ is conformal invariant). Rather, we are asserting that the first- 
order fluctuation in 5W^y can only depend on the traceless combination K^^ = h^^ — gj^Jh/A rather 
than on h^y itself, an extremely convenient simplification. In [U E] we had already found this to 
explicitly be the case for perturbations around flat spacetime, and in Sec. Ill we shall explicitly 
demonstrate it by brute force for fluctuations around a de Sitter background. 
Because of the decoupling of the trace, we can replace ffTOj) by 



W,y{g,y) = W^l\g^'J) + 6W,y{K,y), W,y{g,y) = ^^^(^W) + 6W,y{K,y), (16) 



where 

9tKx) = ^\x)gf}{x), (17) 

K,,{x)=n\x)K,,{x). (18) 

In the following then, to construct the fluctuations in a g^^} background from the fluctuations in a 
g'^^} background, we shall need to utilize (fTSl) rather than (fT2|l . 

The treatment of the trace of the fluctuation in the conformal case is totally differently from the 
way the trace is treated in the second-order theory. In the second-order theory one starts with a 10- 
component h^j_u and via a sequence of four coordinate transformations, and without reference to the 
fluctuation equations, one reduces to six independent fluctuation components, with the trace of h^j^y 
not being brought to zero (c.f. the typical harmonic gauge choice dyh^" = d^h/2). It is only after 
one subsequently imposes a set of four additional residual gauge symmetries that solutions to the 
fluctuation equations possess that one is then able to reduce to just two independent components, 
with the trace h being zero in solutions to the fluctuation equations, and with the solutions then 
being both transverse and traceless. In contrast, in the conformal theory one can reduce the theory 
to a dependence on the traceless K^y without needing to make any reference to the fluctuation 
equations at all. Since one also has the freedom to make four general coordinate transformations, 
on using them one can reduce the 9-component K^^ to flve independent components, again without 
needing to make any reference to the fluctuation equations. Any further reduction in the number 
of independent components of K^^, can only be achieved through use of residual gauge invariances 
or the structure of the fluctuation equations themselves. 

2.3 Implications of Coordinate Invariance 

As regards the four general coordinate transformations, it would be very convenient if we could 
arrange for K^i, to be transverse, since before even beginning to consider the fluctuation equations, 
we would then have reduced to flve independent components, with all of them being transverse and 
traceless. Thus not only is the trace treated differently in the conformal theory, transverseness is 
treated differently too. However, in trying to impose transverseness in the form K^^.^ = 0, we run 
into an initial difficulty, namely that the K^'^.^ = condition is not preserved under a conformal 
transformation . 

To be specific, we note that in a g'^J background, K^'''.^^ takes the form 

= dyK^^ + K^'' g1§,dygf} - \k^'' g[^^d ,g^^l + \k^'' gl^^d^g^^} . (19) 
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On recalling that K'^^g^^J = 0, we find that under a conformal transformation K^'^.^ transforms as 

K^"".^ Q-^Kf"".^ + 4Q-^K^'''dM, (20) 

to thus not be conformal invariant. To identify a coordinate gauge condition that is conformal 
invariant, we note that under a conformal transformation the quantity K^"^ g^Q^d^g'^^ transforms as 

K'''9i>^)dJS ^ ^'"K"' 9(0)9 JS + Sn-'K^'d^Q. (21) 

Consequently, we obtain 



.(0) 



K'^ - \K^''gli^dJ:i (22) 



where K^^-v is evaluated in a geometry with metric g'^^} according to 



= d^K^-^ + K'^-g^^dJ^} - Ik'-Q^^M'^ + Ik^^-qISM^I (23) 

If we wish to use the conformal transformation given in ( !T8|) to construct K^y from K^^, from 
we see that if we were to work in the coordinate gauge K^".^ — K^^ g'^^^d^g^^^j^ = 0, we would 

,(0) 



then conformally transform into the coordinate gauge where K^^-^v — K'^" g'^Q^dyg)^^ / 2 = 0. Since it 
would be preferable to solve an equation such as SWf^^^K^^) = in a straightforward gauge such 
as K'^'^.y = 0, should we choose to do this, then prior to making the conformal transformation 
we would first have to make a perturbative gauge transformation to the coordinate gauge with 
K'^'^.j^ — K^^ g'^^-^d^g^l /2 = 0. Recalling that hf^^, — hf^^, + e^.^^, + e^-^ under a perturbative coordinate 
gauge transformation, we see that under the same transformation Ki^^u would transform as K^i, 

-fi'M° e".„/2. We would thus need to pick the so as to effect a transformation from 
the coordinate gauge with K^^.^^ = to that with K^^'^.,^ — K^^g^^^dyg^^^j^ = 0. Then we would have 
to make a conformal transformation to take us into the gauge with K^^-u — K'^'^g'^Q^dug^^^ /2 = 0, 
and finally we would have to make yet another coordinate gauge transformation to get to the gauge 



with K''% = 0. 

We could reduce the number of steps involved by rewriting (l22l) as 

1 



fi-^ir^^ = K^. - -K^'^-g^^^dy-g'^l + -^-^ K^^ g'^^d^g'^^l = 7^^^% - An-'K^^d,n. (24) 
Then we could start in the coordinate gauge with K^'^.^ = 0, conformally transform into the 



coordinate gauge with K -u — 4i7 K^^dyVt = 0, and finally only need to make one coordinate 



gauge transformation to get to the coordinate gauge in which K -^u = 0. 
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While the above sequence of coordinate and conformal transformations would be needed for 
the general background metric, great simplification would be obtained if we could eliminate the 
Q'^K'^'^di^Q term from ( 12^ . And this can actually be achieved if the ^^^q^^ background metric is 
conformal to a flat gjj^J but with a conformal factor that only depends on the time coordinate. 
Specifically, in that case for those particular modes that obey the synchronous mode condition 
Kofj, = 0, we find that the Q^^K^'^d^Q term would then vanish identically, with fl24|) simplifying to 

^-2^^.^ = K^^^ (25) 

and with the transverse derivatives then transforming into each other under a conformal transfor- 
mation. (If the conformal factor depended on just one spatial coordinate, z say, we could instead 
work in the axial gauge where i^s^ = 0.) Now conformal to fiat metrics of the form given in ([6]) with 
a conformal factor that only depends on the time coordinate are of great practical interest since 
they include both de Sitter and spatially fiat RW cosmologies. (The cases with a conformal factor 
that instead depends on z include anti de Sitter space). As we shall now show, in the de Sitter case 
the structure of the fluctuation equations is such that for the tensor mode (gravity wave) solutions 
that we study below we can simultaneously maintain both K^'^-u = and Kq^^ = 0, the former 
because of the gauge freedom of the general 6W^u{K^i^), and the latter because of the structure of 
solutions to 5W^y{K^y) = 0. 

3 Fluctuations Around a de Sitter Background 
3.1 Preliminaries 

In a background de Sitter geometry with metric g^uix) the Riemann tensor, the Ricci tensor and 
the Ricci scalar are given by 

Rnupa = H'^igpuQKa " dauQKp), Rua = —'^H'^Qua, R"a = —12H^, (26) 

where H is a. constant. Inspection of shows that to evaluate the fluctuation term SW^^{h^^) 
in a fluctuation hp^p{x) around a gpv{x) background, the primary fluctuation term we will need to 
determine is \Rfj,y\. On recalling that 

V.VxR^, = d^VxRpu] - Kp^xRpu - Ku^xRpp - Kx^pR^^u, (27) 

we see that since the VxRpu, V \Rpp and V pR^y terms all vanish in a geometry in which the Ricci 
tensor is proportional to the metric tensor, fluctuation contributions to any of the Christoffel symbol 
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terms in ( HT^ make no contribution to S[Va'V xRfj_u]- Thus we can set S[V ^'V xR^i,] = Va-[^[VA-R/ii/]]. 
Recalling next that 

"^xRt^u = dxR^y — V^^Rpj, — V^^Rp^, (28) 

we obtain 

5[VxR,A = ^x[SR,u] - 5[Tip]Rp, - 5[TURpp. (29) 

On recalling that 

'^[r^;.] = Ig'^NxK, + VpKx - VM,], (so) 

and using (126|) . we obtain 

6[VxRpu] = Vx[6R^.] + 3H^Vxhp.. (31) 
Consequently the general S[V xRfiv] fluctuation term is given by 

S[V^VxR^u] = V<,VA[5i?^, + SH^hp,]. (32) 

The fluctuation quantity 6RpK that appears in (!32|) is of the form 

SRp^ = ^g^'iV.Vphxp - VaV.V - VaV^V + VaV^/i^.]. (33) 

On recalling that for any rank 2 tensor 

V«V,Aa^ - V,V,Aa^ = A\Rx^u. - (34) 

we can write SRp^ as 

SRf,^ = ^^^"[V^V^/iAp - V«Va V - V;.VaV + VaVpV 

+ pR^pi^x - ^Rp^px + pR^^px]- (35) 

Thus given f l2B]) . we flnd that and g^'^SRp,^ take the very convenient forms 

= \ WnVph - V^Vxh\ - VpVxh\ + Va V - 8^' V + 2i^'%.] , 
g^'^dRp^ = VxV^h-V.Vxh^^. (36) 

Armed with f l32p and (1361) and recalling that for a covariant fluctuation Sgpi, = hpy the contravariant 
fluctuation is given by 5g^^ = —h^'^, we can now proceed to evaluate SWpiy{hp^). 
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3.2 Evaluation of 6W^}. 



jJLV 

Evaluating first 5Wj^J{h^y)^ from (jlj) we directly obtain 

- 2R''JR,, + \h^''{R''^f + g,,R''^[g''^5R,r - h^'^R^r], (37) 

and thus 

+ 12i^2[v^v./i- V^Va/i\- V.Va/i\ + VAVX--8i/2/,^, + 2i7V^]- (38) 
On making the substitution h^y = K^^ + g^yh/A as per ( ITSl) . we find that ( l38l) takes the form 



= -[2g^yV^V''-2V,Vy-QH^g,y]Vx^^K^^ 



+ 12ff2[VAV^ir^, - 2/7^;^^, - V^VaA^", - VyVxK\] 

+ ^^7M-V„V"V/3V''/i-^V,.V.V«V°/i+^i/VVaV"/i, (39) 

with the dependence of SWj^J on i^'^j, and h in a. de Sitter background being nicely organized. 
3.3 Evaluation of 5W^^J 

Evaluating now 5Wj^J{h^y), from (jl]) we directly obtain 

^^S) = \9''^9^.uVpV^[5R„r + ^H^Kr] + VpV^[5R^y + ?,H^Ky] 
- g^^VaVAdR^p + m^h^p] - g^''V„V,[5Ryp + m^Kp] 
+ 2h"^ R^aRufs — 2g"^5Ri_iaRi^i3 — 2g'^'^ R^a^Ry^ + -h^yRapR'^^ 

+ \g^.JRapR''^ + \g,yRo.p[-{h^''g^^ + ^7"'^/^^")^?.. + (40) 

Since from (IMI) we obtain 

(^^'^[V.V.A^^ - V.V.A^^] = AH'^A,^ - H^g^yg'^^A^p (41) 

for any rank 2 tensor in a de Sitter background, we can rewrite fHOj) as 

+ 3//2V/3V^ V - m^WyW^h^p - m^y^wf'Kp + i2i7^ v - 3i^V^ 

+ ^^?,.4V/3V^ - 2H\V^V'^h - V.Va/i''^] + ^(?^.i/'V^V^/i. (42) 
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It is possible to simplify f l42p using the perturbative Bianclii identity for the Einstein tensor viz. 

5[W''G^,] = -h-^W^G,,, + g^^'SlW^G^,] = 0, where G^, = R^, - g^.g^^^Rap/l and 

(43) 

Thus in a de Sitter background where the G^y = "iH^g^y form for G^y entails that V ^Gp^p = and 
thus that g'^^SlVa-Gf^ii,] = 0, we obtain 

V'SiR^y] = -m^V^h,, + ^-H^V^h + \v,[VxV^h - V^V^h^^ (44) 

Finally then, through the use of (jH]) and fl36l) we obtain 

+ S/f^V^V" V + 12^^' V - ^H^^^Nuh - 3H^g^,h 

+ \ [g,.VpV^ - 2H^gp, - 2 V,] [Va V^/i - V ^h^^] + ^-g^.H^V pV^h. (45) 
On making the substitution h^j^y = K^^ + g^^h/A, we find that fHS]) takes the form 
^W^i'J = I [V/3 + 41/2] [- VAif - VyVxK\ + VxV^K^y - SH^K^,] 

+ m^V^V'K^y + l2H^K^y - ]^[g^yVpV^ - 2H^g^y - 2V ^Vy]V .V xK''^ 

- 2H^V^Vyh + 2H^g^yV^V''h. (46) 

To simplify this expression, we recall a covariant derivative interchange identity that is found (see 
e.g. [ISj) to hold in a background de Sitter geometry for scalars such as h, viz. 

V„V"V^V./i - V^V.V,V"/i = -2iJVVaV"/i + SH^WpWyh, (47) 
with ( l46l) the reducing to 

= + AH^][-V^VxK\-VyVxK^^ + V>S^K^y-m^K^y\ 

+ m^V^V^'Kpy + 12if^ir^, - ^[^/^.V^^V' - 21/2^^^ _ 2V,.V.]V«VAi^'^^ 
+ ^^,..V„ V° V/jV'/i - ^V^V.V„ V°/i + ^i/ VVaV"/i. (48) 

13 



From the forms for SWj^^l) and SlVj^^^ given in ( 13^ and (H5]l we see that the dependence on 
the trace h of the fluctuation drops out identically in the conformal combination 5W^,y = SWji^ — 
SWjil) /3 required by Q. This decoupling of h from the gravitational fluctuations is precisely as we 
had anticipated above, and serves as an internal test on our calculation. Only the contribution of 
Kfj^i, survives, with 6W^y finally being given by 

+ i[(7^.V„V" + 2V^V.-6//V]V.VAi^'^\ (49) 

a surprisingly compact form. As constructed, (H9l) gives the exact first-order perturbative 6W^u 
around a de Sitter background with no choice of coordinate gauge or conformal gauge having been 
made at all. This then is our main result. 

As a second check on our result, we note that as constructed 6Wf^,^ kinematically obeys the 
tracelessness condition g^'^SW^^, = 0, just as it has to in a conformal theory. Finally, as a third 
check, we recall that in [Ij 6Wf^,y was evaluated in a flat Cartesian background 1]^^, again with no 
coordinate gauge or conformal gauge choice having been made, and was found to be of the form 

6W^, = ^U^^U^Kp^ - ^U^^UP'^Kp^, (50) 

where 

n^i. = Viiyd'^dc - d^d„. (51) 

One readily checks that in the flat space limit where one sets H' = and replaces covariant 
derivatives by flat space ones, fH^ reduces to fl5U]) . just as it should. 

4 Invariance Considerations for de Sitter Fluctuations 
4.1 General Considerations 

To analyze the fluctuations around a de Sitter background, we flrst need to determine the covariant 
derivatives involved. To this end we recall (see e.g. [16]) that in general in any geometry with metric 
gMN{x) and Christoffel symbol Ff^, and without regard to any coordinate gauge considerations, 
the second covariant derivative of a symmetric rank 2 tensor Amn can be written as 

Vl'^rAmn = [didR - T'lj^ds]AMN + [^lm^rn + ^ln^rm]^ks 

+ l^LM^RS + ^LR^SM - (^L^RM ~ ^RM<^L - ^lM^rIArN- (52) 
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While one would need to evaluate directly in the general case, great simplification can be 
obtained if the Qmn^x) geometry is conformal to a fiat geometry with Cartesian metric r]MN^ and 
the line element is given by ([6]) with an appropriate conformal factor VL^{x). In this case the gMN{x) 
geometry Christoffel symbols evaluate to 

= n-\x)[5ijdM + S^M^M - r7^V/^9^]fi(x). (53) 

Following some algebra the general V Amn is then found to evaluate to 

q'^^'VlVrAmn = Ti'-^'n-^dLdRAMN + 2n-^dM^dMnr,'^'^ATQ - 2r/^^fi-3aia^fiAMiv 

- 2'q'^''^-''dRndLAMN + 2n-^riMNn'''dx^v'^^dY^ATQ 

- AVl-^dM^rf^dx^ATN - ^Vl-^dNVt7f^dx^ATM 

- 2'q'^''^-''dNndLARM-2'q'^''^l-''dM^dLARN. (54) 

In (15^ everything is now conveniently expressed in terms of just the one function f2(x) alone. 
By the same token, the covariant derivative of Amn is given by 

VpA^M = nS'^^'dpALM + 2r/^^fi-3^i^^AM/ - nS'-^'dM^ALR. (55) 
Given (l55l). we can rewrite (EH) as 



q'^^'VlVrAmn = v'-^'n-^dLdRAMN - 2n-^dM^dMnr,'^'^ATQ - 2ri'^''n-'dLdRnAMN 

- 2r]'^''n-'dRndLAMN + 2^l-^riMMV^''dx^r^'^''dYnATQ 
+ 2r]'''^n-''dQndNAKM + 27]'''^n-''dQndMAKN 

- 2n-^dNnVLA^M-'^^'^dM^'^LA^N^ (56) 

where the V lA^ and ViA^jy terms refer to covariant derivatives in the qmn geometry. In addition, 
we note that for an Amn that is traceless, and for an Vt that only depends on the time coordinate t, 
the quantity g^^V rAmn in fl56|) would simplify a great deal if Amn were to obey the synchronous 
condition Aqm = for all four values of M, as it would then reduce to 

q'-^'VlVrAmn = Ti'-^'n-^dLdRAMN - 2r]'^''n-''dLdRnAMN - 2T^''''n-^dRmLAMN 

- 2n-^dNnVLA^M-^^'^9M^^LA^N- (57) 

In (!57|) it is only the VlA^m terms (now equal to Q^'^rj^^dpAiM) that then prevent g^^V rAmn 
from being diagonal in its (M, A^) indices. Moreover, if a traceless, synchronous Amn is transverse, 
then in an Q{t) geometry Amn would only have two independent components, with its six spatial 
components obeying the four spatially transverse-traceless conditions rfWjAik = 0, rf^Aij = 0. 
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4.2 General Structure of 5W^iy in the de Sitter Case 

At this point it is convenient to now revert back to our earlier notation and let gj^J{x) denote 
the conformal to flat background de Sitter metric and K^j^{x) denote the fluctuation around it. 
Moreover, at this point it is also convenient to take advantage of the coordinate invariance of the 
theory and impose the transverse gauge condition 

VyK""" = 0. (58) 

In this gauge we find that the first-order fluctuation function dW^u given in fH9|) then reduces to 
the very simple form 

^W^^ = ^[VaV" - 4H^][VisV^ - 2H^]K^,. (59) 
For any A^jy that obeys V^A^'^ = in the barred notation, ( |56l) takes the form 

- 27]^Pn-'dxndpA^, + 2n-\,r]^''dMv''^d^^Ar. 

+ 2r]''''n-^dMA,^ + 2r]^"n-^dMd^,A,,. (60) 

For the purposes of evaluating 6W^^, we can set A^^, = K^^ in fl60|) in order to determine V pV^ K^y. 
Since V pV^K^y is itself a rank 2 tensor we would like to be able to set A^y = V pV^K^y in ( 160|1 
as well so as to determine V a^'^V pV^ K^y. However, in order to use f l60|l with its transverse 
VyA^^ = 0, we note that while we have taken Kfj_y to be transverse, it does not immediately follow 
that Vi^V^Kf^y will be transverse too. However on using the covariant derivative relations 

p'V k'^ nAlm — Vi^VpVArAiM = Rlskp'^ nA^ + Rmskp^ nA^ ]^ + Rnskp^^ AlMi (61) 
V pW N Alm — n'^ pAiM = RisNpA^ j^j + RmsnpA^ I (62) 
that hold in any geometry, for a de Sitter geometry we obtain 

VpVxV^A^M = V^V^VpA^M + 5i72VpA^Af - 2H^VmA''p. (63) 

Consequently, if Amn is transverse and traceless, then in a de Sitter geometry so is V Amn- 

At this point by taking A^y = K^y and then = V/jV^-K'^y, we can now evaluate SW^y as 
given in ( l59l) using the general expression 

g^PVxVpA,y = r]^^Q-'dxd,A^y - 27]^PQ-^dxd,QA^y - 27]^m-^dxnd,A^y 

+ 2n'\yr]^''d^n7]^^dpnA,^ + 27]''^ n-^OMA^^ + 2r]^''n-^d,nd^A,y (64) 

that holds for any transverse-traceless A^y. This is far as we can go in reducing the problem without 
actually imposing the equation of motion 5W^y = that the fluctuations are to obey. 
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4.3 Solution to the Fluctuation Equations 

When we constrain 6Wfj,i, by requiring it to obey an equation of motion of the form 6W^i, = 0, we 
then have the opportunity to utihze any additional gauge symmetries or structure that solutions to 
the fluctuation equations might possess. And in fact if we seek solutions that obey a synchronous 
condition, we find that we can consistently satisfy all constraints simultaneously. Specifically, for 
any transverse-traceless A^j, that obeys = 0, flM|) reduces to 

to now be diagonal in its (yU, z/) indices. Since fl65|) now is diagonal, we can consistently set 
9{o)^ p^Ofi = for the four components. Moreover, since (165!) is diagonal in its indices, 
it will remain so whether we take to be equal to K^i, or V/jV^-ftT^i/. Consequently, all nine 
components of K^i, will obey 

X [r]^^n-'^dxdp - 2r]^Pn~^dxdpn - 2'q^PVt~^dx^dp]Kp^, (66) 

some components doing so trivially and some doing so non-trivially. 

While there would appear to be nine conditions, viz. g'^^-^Kp,, = 0, V^K^'^ = and K^^ = 0, 
there is some overlap, with two independent components surviving, just as one would expect of a 
massless rank 2 tensor theory. Because of the synchronous condition and because the transverse 
condition reduces to rj^'^dyKxp, = 0, the surviving components have purely spatial indices and obey 
the four spatially transverse-traceless conditions rj'^WjKik = 0, rj^^Kij = 0, to give precisely two 
independent components. In the cosmological literature these modes are known as tensor modes. 

To solve dnS]) we need to determine the explicit form for Q in the de Sitter case. Thus if we start 
with the de Sitter metric in the comoving form 

ds^ = -df + e^^* [dx^ + dy^ + dz^] , (67) 

and make the coordinate transformation 



dt _ _e-^* 

we find that the line element takes the conformal to flat form 

1 

We thus identify = 1/tH. 



dr = r = —, (6J 
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With this form for f2(r) we find that V pV^K^^ takes the form 



(70) 



In a 3-momentum eigenstate q we can set K^i,{t,x) = K^^{T)e'^'^'^ , with (1^ then reducing to 



8 93 12 92 



+ 



+ 



4 (9 



+ 



(71) 



^2 ^^2 \^ Q^2 ' f 7-^ 

Finally, the expression that appears in f l7ip can be factored, with the fluctuation equation being 
found to reduce to the remarkably simple 



52 



92 



9r2 



iq-x 



0. 



(72) 



With (!72|) we achieve our primary objective since we can now determine K^y in a closed form. 

Since according to f|T8l) the relation between the barred and unbarred fluctuations is given by 
Kfj,u{x) = Q'^{x)K^^{x), we see that we can identify t'^H'^K^^{x) with K^,^{x), the fluctuation 
associated with a flat background metric. However, in a flat background in the transverse gauge 
duK^'^ = (a gauge that is conformally equivalent to the Vi^K^'^ = gauge for synchronous modes), 
we find that on setting to zero the flat space background 6W^i, given in f l50p we obtain none other 
than 



iq-x 



0. 



(73) 



As we had noted above, this is just as is to be expected on general grounds. Thus, for the de Sitter 
case we explicitly confirm that the fluctuations associated with a conformal to flat background can 
be constructed via a conformal transformation on the fluctuations associated with a flat background, 
even though the perturbed geometry is not itself conformal to flat. 

In [5] tensor mode solutions to (1731) were explicitly obtained, with there being two positive 
frequency solutions of the form of 



K^^{t,x) 



A 



^iq-x—iqr 



iq-x—iqT 



(74) 



where A^j, and are polarization tensors. Of the two solutions the A^j, mode satisfies the 
second-order [—9^ — q'^jA^i, = 0, while the Bf^,y mode is an intrinsically fourth-order mode that is 
not encountered in the second-order theory at all [17]. (The action of [~d^ — g^] on the B^^ term 
yields the plane wave e*^'^"*'^'' so that [—9^ — q'^]'^B^i, = 0.) Finally, given (!7i|) . we see that the 
positive frequency solutions (and analogously the negative frequency solutions) to flTTj) are given by 



K^^{t,x) 



R P 



iq-x—tqr 



(75) 



Up to coordinate transformations the solution given in (ITS]) is both exact and the most general 
solution for first-order perturbative tensor fluctuations around a de Sitter background in the con- 
formal gravity theory. Finally, since coordinate transformations involving the time coordinate do 
not affect K^u{t, x) modes that are synchronous, in comoving coordinates the solutions in (I75|) take 
the form 

K^^it, x) = e^^^A^^ exp[2g ■ x + ie'^^q/H] - —B^^ exp[2g ■ x + ie'^^q/H]. (76) 
4.4 Comparison with the Second-Order Case 

To analyze fluctuations around a de Sitter background in the standard second-order theory, in 
we set T^°^ = —{3H'^/8TrG)gj^J, with the background equations then being of the form 

m - ^^i°i^ro)^s - = 0. (77) 

Consequently, around the de Sitter background the fluctuation equations take the form 

[VaV° - 2HYK. + V^V.h - V^Vxh\ - V.Vxh\ - g'^^JlVxV^h - V.Vxh''^ + H^h] = 0. (78) 

On restricting to fluctuations that are transverse and traceless, we see that flTSl) reduces to 

[V,V°-2ij2]/,^^ = 0. (79) 

Comparing with (1591) . we thus see that the transverse-traceless fluctuations that occur in standard 
gravity are also solutions to the conformal theory. A similar outcome was found for fluctuations 
around a flat background, with the A^^e^^'^''^'^'^ type modes given in (fMl) also occurring in the 
second-order case. Since the conformal theory is fourth order, it also possesses fluctuation solutions 
that do not occur in the standard case, viz. the solutions to [Vq,V° — iH'^jK^i, = in the de Sitter 
background case, and the B ^^re^^'^'^'^'^ type modes given in fTMl) in the flat background case. 

However, the [V^V" - 2H'^]hf,^ = and [V„V" - 2H'^]Kf,^ = de Sitter fluctuation solutions 
in the second- and fourth-order cases are not in one to one correspondence with each other, since a 
conformal transformation on the flat A^^e^^'^''^'^'^ fype solution cannot bring one to the second-order 
[VaV" - 2H^]h^^ = solution since the second-order theory is not conformal invariant. Rather, a 
conformal transformation on Af^^e^^'^~^'^^ must bring one to some linear combination of the solutions 
to the [V„V" - 2H^]K^^ = and [V^V" - 4:H'^]K^^ = equations. 

To see what specifically does happen when we make a conformal transformation, we use (170]) to 
write out the relevant equations for synchronous modes with 3-momentum q, viz. 



2d_ 

T dr 



A 



(80) 
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2d_ 

r dr 



A 



(81) 
with linear 



where A^,^ denotes h^^ or K^j^^ as appropriate. The positive frequency solution to 
3-momentum q is of the form 

Aliuij'^ 3^) CXnyC ^ ^ — -\- , 

Vt'^ T. 

where polarization tensor. Similarly, the positive frequency solution to ( IHT]) is of the form 

piq-x—iqT 



(82) 



(83) 



with polarization tensor Thus while the fourth-order solution {1 / t'^ H'^) Af^^e^^'^~^'^'^ given in (ff5l) 
is obtained via a conformal transformation on the y4^i,e*^'^'~*^^ solution given in fl75l) . this solution is 
not a solution to the second-order theory (i.e. it does not obey the second-order [Vq,V" — 2if^]A^i, = 
0), even though the A^^e''^'^''''^'^ solution does obey the second-order equation dad"Afj_i, = 0. 

Finally, writing the second-order theory de Sitter background fluctuation solution given in (182!) 
in the comoving coordinate system, we obtain 



hfj,^{T, x) = afj,„ exp[iq ■ X + ie q/H][He —iqHe 



B4) 



Comparing with (|76l) . we see that for tensor fluctuations around a de Sitter background the leading 
^2Ht i3g]2avior in comoving time is the same for both the second- and fourth-order theories, and 
both would thus give rise to very rapid growth (and for the particular conformal gravity fluctuation 
mode with = iqA^j^y the two theories would even give the exact same growth). 

5 Fluctuations Around Robertson- Walker Backgrounds 
5.1 Cartesian Coordinate Considerations 

In comoving coordinates the line element for each of the three Robert son- Walker geometries takes 
the form 



-dt^ + a?{t) 



dr 



+ r'^dO'^ + sin^ 



5) 



where the 3-curvature K can be positive, zero or negative. For each of these geometries we can 
make a coordinate transformation on the time coordinate of the form 

dt 



dr 



a{t) 



(86) 
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and bring the line element to the form 



+ r'^dO'^ + sin^ 



7) 



For the spatially fiat K = Q RW geometry we can make a further coordinate transformation 
from polar coordinates to Cartesian ones, and bring the line element to the form 

ds^ = o?{t) -dr"^ + dx^ + dy'^ + dz" 

Since this line element is now in the form given in ([6]) and since the conformal factor f2 only 
depends on the time coordinate, our analysis of fluctuations around a de Sitter geometry carries over 



completely, with an a{t) that can now be of a more general form than the a{t) = e 



Ht 



-1/tH form 



used in the de Sitter case. Thus we can again use for K^j^^, and can again use (fTSl) to construct 



Kf^i^, and can again take the fluctuations to be transverse, traceless and synchronous, this time 
with respect to the metric given in (155]) . Consequently, around the spatially flat background given 
in fl55]) the positive frequency conformal gravity fluctuations that obey rj^^djKn^ = 0, rj^^Kij = 0, 
-^00 = 0, = and have 3-momentum q are given in closed form as 



a\t)A 



^iq-x—iqr 



-iqr 



^9) 



In this expression the coordinate r can then explicitly be transformed into the comoving t once the 
dependence of a{t) on t is specified. 

To bring the RW geometries with non-zero to a conformal to flat form requires coordinate 
transformations that involve both r and r. For the i^' > case flrst, it is convenient to set K = 
and introduce sinx = r/L, with fl87p then taking the form 

(90) 



ds'^ = LF'a^{t) —dp^ + dy^ + sin^ xd^"^ + sin^ x sin^ ' 
where p = t/L. Next we introduce 

p' + r' = tan[(p + x)l% p' - r' = tan[(p - x)/% 



(91) 



so that 



- dp'^ + 

sinx 



sec\p + x)/'A sec2[(p-x)/2] 



-[-dp" + dx^] sec2[(p + x)/2] sec2[(p - x)/2], 
sin[(p + x)/2] cos[(p - x)/2] - s\n[{p - x)/2] cos[(p + x)/2] 
[tan[(p + x)/2] - tan[(p - x)/2]] cos[(p + x)/2] cos[(p - x)/2] 
2r'cos[(p + x)/2] cos[(p-x)/2], 

[l + {p' + r'f][l + {p' -r'f]. (92) 
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With these transformations the hne element then takes the conformal to flat form 



-dp^ + dr'^ + r'^dO"^ + r'' sin 



„'2 , 



(93) 



[l + (p' + r')2][l + (p'-r')2] 

Now while we could transform the spatial sector of fl93|) from polar coordinates to Cartesian ones 
via x' = r' sin 9 cos 0, y' = r' sin 6 sin 0, z' = r' cos 9 and thus bring the line element into the form 
given in (|6]), the resulting conformal factor would depend on p' and (x'^ + y'"^ + 2;'^)^/^, and thus 
not straightforwardly permit any of the synchronous mode type simplifications we found when the 
conformal factor only depended on the time coordinate. We shall thus find it more convenient to 
continue to work in polar coordinates and provide the polar coordinate analysis below. 

For the if < case, it is convenient to set K = — and introduce sinh^ = r/L, with f l87p 
then taking the form 



ds' 



L^a\t) -dp^ + dx + smh xd(^ + sinh'^x sin 



where p = t/ L. Next we introduce 



p' + r' = tanh[(p + x)/2], p' — r' = tanh[(p — x)/2], 



(94) 



(95) 



so that 



- + dr'^ 
sinhx 

sech2[(p + x)/2]sech=^[(p-x)/2] 



-[-dp" + rfx']sech2[(p ^ ^)/2]sech2[(p - x)/2], 
2r'cosh[(p + x)/2]cosh[(p - x)/2], 
[I - [p' + r'f][l - {p' - r'f]. 



With these transformations the line element takes the conformal to flat form 

4L2a2(t) 



ds' 



-dp'^ + dr'' + r'''de'' + r'' sin 



'2 , „/2 T/)2 



„'2 , 



(96) 



(97) 



[1 - (p' + r')2][l - (p' -r')2] 

As with the i^" > case, it is more convenient to continue to work in polar coordinates, and so we 
turn now to a fluctuation analysis in the polar coordinate system. 

5.2 Polar Coordinate Considerations 

To provide a comprehensive discussion of both K > and i^' < cosmologies we introduce a generic 
metric of the form 



ds^ = n'\p, r) -dp^ + dr"^ + r'^dO'^ + sin^ ^-^-^^ 



(9^ 
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with an a general conformal factor that depends on p and r. For this metric we determine Christoffel 
symbols of the form 

= -r- r'^Q-^Q', T^^ = - sin^ e{r + r'^Q'^Q'), 

r^^ = -sin^cos^, r,^^ = cot^, (99) 

where Cl = dpfl and Q' = dr^l. 

Given the n-^K^'^d^n term in and the fact that is now to depend on p and r, we see that 
we will be able to maintain the transverse gauge under a conformal transformation in a background 
geometry with such an Q if we take all Kp^j, and Kr^, components to vanish. With ^^j, being 
traceless this will leave us with just two independent components, Ke^ and Keg = —K^^/ sin^ ^, 
just as needed for tensor fluctuations. (Transverse-traceless conditions in the sector of K^j_i, with 
angular indices are the polar coordinate analogs of the Cartesian rj'^WjKik = 0, rj'^^Kij = 0.) With 
the Christoffel symbols given above, one finds that when one takes all Kpi^ and Kru, components to 



vanish, the four components of V^K^^ evaluate to 



1 



Kee + 



sin' 9 



1 Q'' 



Kee + 



^2^2 

1 



o T> ^ rs COS - COS 9 - 

dgKgg + . dsKos + - — -Kf,o -^Arf 



sin'^ 



sin 6 



sin'^6' 



— 1 — COS — 

deKod, + -T-^d^KM + —rKf) 



sin' 9 



sin 9 



(100) 



Thus with the trace condition, we see that we can maintain V^K^i^ 



for all four values of /i if 
we require that Kgg, Kg^ and K^^ be independent of 0, and that their 9 dependences be given as 

sin~^ 9, Kaj, ~ sin""*^ 9, Ka,a, ~ sin° 9. 



Kgg ~ sin~^ 9, Kgfj, ~ sin""*^ 9, K 
In a polar coordinate fiat metric of the form 

c/s^ = -dp' + dr'' + + sin^ 

the non- vanishing Christoffel symbols are given by 

Tee = = -r sin^ 9, T\ 



(101) 



(102) 



-r. 



re 



— sin 9 cos 6*, 
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cot^. 



(103) 



Modes that obey V^K^y = 0, g'^Q^K^i, = 0, Kp^ = 0, = are then found to obey 



V'Kp, = 0, 



ru ^2 



Kee + 



dgKee + -^-^dsKgd, + 



008 6* 



sin^^"^""*^ ■ sine 



O ^ r. COS 6 

^ sm'^O sm9 



cos 6 
= 0, 



and thus obey 



Koa ~ sin ^ 6, Kqj, ~ sin ^ 6, K^a ~ sin° 0. 



(104) 



(105) 



Comparing fll04p and (11051) with (llOOj) and (llOip . we see that under the conformal transformation 
with n(p, r) the transverse gauge condition is indeed preserved, just as required. With (llOlj) we 
have obtained all the constraints on the fluctuations that can be derived purely via kinematic 
considerations, and to determine their dependence on p and r we proceed now to the fluctuation 
equations that Kge and Kq^ obey. 

5.3 Fluctuations in the Polar Coordinate System 

To determine Kqq and Kq^ we need to determine Kqq and Kq^ and then make a conformal trans- 
formation. The fluctuations Kqq and are associated with fluctuations around the metric with 
the line element given in (I102p . We thus need to determine 5Wfj_y in the (I102p background. While 
this background is flat it is not in a Cartesian coordinate system, and hence we cannot use (150|) . 
However, our derivation of fH9l) given above only used generic properties of variations such as 
5\V a'^ xRfjLv] and actually made no specific reference to the metric other than in the use of (126!) 
for the de Sitter form for the Riemann and Ricci tensors. Thus if we simply set if = in fH9l) 
we will obtain an expression for 5W^v that will hold for a flat geometry as written in an arbitrary 
curvilinear coordinate system, viz. 



5W, 



1X1/ 



2 

+ ^[(?^.V„V° + 2V,.V.]V.VAi^''\ 
o 

If we now restrict to the transverse gauge, 6W^u reduces to 
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and thus all we need to do is evaluate V/jV^A^j, for A^^ = K^^, and A^y = V jsV^K^^ in the (11021) 
background. 

With the general V pV^A^^, being given in ( |52|) . we only need to evaluate (!52|) using the Christof- 
fel symbols given in fllOSp . On setting = and = in the right-hand side of f l52|) but without 
imposing any other other conditions on A^j,, following some algebra we obtain 



VpV^Aa,, = 



VpV^Are = ^ 

VpV^Ar^ = — 
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cos 6* 
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Then with Aeg + A^^/ sin^ 9 = 0, Agg ~ sin"^ 9, Ag^ ~ sin"^ 9, A^^ ~ sin° 9, d^Agg = 0, d^A^g = 0, 
d(j,A^^ = 0, we find that we can consistently maintain V^V^Ap^ = 0, V^V^A^^ = 0, just as 
required. Finally, for Agg, Ag^, and Ag^, we obtain 

4 cos^ 9 
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where 



D = g^^[dLdR-Vl^ds] 



2d I cos9 d 1 92 



(109) 



;iio) 



When we impose d^Agg = 0, d^pA^g = 0, d^j^A^^ = 0, Agg + A^^/ sin^ 9 = 0, we find that f ll09p 
becomes diagonal in its indices. Finally when we set Agg ~ sin~^ 9, Ag^ ~ sin~^ 9, A^^p ~ sin° 9, we 
find that the dependence on 9 drops out, with f llOOp reducing to 



VpV^Ae 



Qp2 Q^2 



2 8^2 

2 d 



r dr 
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This then is our key result in the polar coordinate case. 
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In parallel to the discussion of the derivation of fl74p given above, we note that 

[{a + bp)re'''''~''>P] = 2iqbre''^'-''^P, 



Qp2 Q^2 
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and that 
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Thus we find exact positive frequency solutions to VqV^V^V^A^j, = of the form 

Ae4, = [ae^ + Mre"'' sin"! 9, 
A00 = -[«ee + /3eep]re^^'-*'?^ 



(114) 



as labeled in terms of a radial momentum q. 

With flll4p holding for A^j, = K^j,^, we can now construct K^y by conformal transformation. 
With reference to the line element given in fl87p and (M?]) . we find that since coordinate transforma- 
tions in the temporal and radial coordinate sectors do not affect the angular components of either 
K^i, or for a topologically closed > RW geometry the positive frequency sector of K00 is 
given by 



K0g(t,r,9, 
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with analogous expressions holding for K^^jjit, r, 9, (p) and K^^(t, r, 9, (p). Similarly, with reference to 
the line element given in (187|) and we find that for a topologically open < RW geometry 
the positive frequency sector of Kqq is given by 



Kge{t,r,9,> 



L'a\t)cosh'[ip + x)/2]cosh^[(p - x)/2] 
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tanh[(p + x)/2] - tanh[(, - x)/2]^ exp[-.,tanh[(p - x)/2]] 
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with analogous expressions holding for Kg^it^ r, 9, 0) and K^^{t^ r, 9, 0). (The various a^^^ and (3j^^ 
coefficients that appear in flllSp and (11171) are constants.) With (IllSp and (11171) we have thus 
obtained exact, closed form expressions for the ffist-order tensor fluctuations around the spatially 
non-flat K > and K < RW geometries in the conformal gravity theory. 

5.4 Explicit Forms for a{t) 

To explore the implications of the structure that we have found for the fluctuations, we need to 
provide an explicit form for the background a{t) in each of the various cases. To this end we 
recall the conformal cosmology studies described in [TSl [ISl EHl I]- In those studies the matter field 
energy- momentum tensor that is needed to fix a{t) was taken to be composed of a perfect fluid 
of fermions together with a conformally coupled scalar field order parameter that generates the 
needed spontaneous breakdown of the conformal symmetry. The scalar field acts as the expectation 
value of a fermion bilinear condensate in a spontaneously broken vacuum and dynamically generates 
particle masses. 

To illustrate the central role that is played by the trace of the matter field energy-momentum 
tensor in these conformal studies, and especially to see what happens to the trace when particle 
masses are generated spontaneously by a scalar field S{x) (so that macroscopic inhomogeneities 
built out of such massive particles can then form), it is convenient to focus ffist on each of the 
individual fermions in the fluid. For each such individual fermion iIj{x) the most general conformal 
invariant and coordinate invariant matter field sector action is of the form 



'M 



1/2 
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where r^(x) is the fermion spin connection and the coefficients h and A are dimensionless. In 
(11191) there is no intrinsic or mechanical rmptp mass term since such a mass term would violate the 
conformal symmetry. On using the matter field sector equations of motion 

iYix)[d^ + T^{x)]^-hSi/j = 0, 
^''^^ + - 4A^3 + /iV-^ = 0, (120) 

one finds that in a configuration in which the scalar field takes a constant value 5*0, the fermion 
acquires a mass m = hSo. In such a configuration the entire matter field energy-momentum tensor 
takes the form [1] 
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where T^™ = iil!'y^{x)[d^ + ri,{x)]ip is the kinetic energy of the fermion. As we see, even though T^^° 
itself is not traceless in the presence of dynamical mass generation {g^'^Tj^^J^ = hSoi/jip), because of 
the scalar field equation of motion the full is traceless {g'^^Tj^ = 0). Thus while mechanical 
masses would violate the conformal symmetry and lead to the non-vanishing of the trace of the 
matter field energy-momentum tensor, in the dynamical case the scalar field that generates masses 
for the fermions also carries energy and momentum itself, and its contribution to then serves [1] 
to maintain g^^'Tjf^ = 0. Since W'^'^ is traceless, we see that even in the presence of dynamical mass 
generation for particles (and thus of the inhomogeneous fluctuations that are built out of them) 
Tyl" can serve as the source for W'^'^, just as exhibited in ([3]). As we see, conformal invariance 
is not just relevant at energies well above particle masses, viz. at energies in which the vacuum 
expectation value of the scalar field can be taken to be zero, even at low energies where one is in the 
spontaneously broken phase the conformal structure has residual effects, with g^^T^^ still vanishing. 

While only the trace of would vanish in the presence of inhomogeneous fluctuations (viz. in- 
homogeneous geometries in which both W^^ and C^^^'^ are non-zero), in the background cosmology 
itself both C^^'^'^ and all 10 components of the gravitational W^" would vanish identically since the 
background geometry is conformal to flat. Thus in conformal cosmology where T^™ has the form of 
an entire perfect fluid of the individual fermions, viz. T^™ = {pm + Pm)Ufj.Uu + PmgiJ.u, each of the 
10 components of the matter field energy-momentum tensor must obey 



with the Universe thus being created out of nothing. 

Despite the fact that is zero in conformal cosmology, because of the induced Einstein tensor 
and cosmological constant terms present in (11211) its vanishing can be achieved non-trivially, with 
there being five possible ways to do so. (While A < is to be favored since it corresponds to a 
lowering of the free energy of the scalar field order parameter [T], we consider all A values here.) 
Specifically, in terms of the illustrative perfect fluid with pm = Spm = A/a^(t) where A > 0, the 
solutions are found to depend on the signs of K and a, where 



T, 







(122) 



a = -2\Sl 



(123) 



In terms of the convenient parameter 




(124) 



the five separate solutions are given as [HI [191 EDI [1] 



a^{t,a <0,K <0) 
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2A 

a^{t,a = 0,K<0) = - - Kf, 



KSl 



a\t,a > 0,ir < 0) 



K{I3 - 1) K(5smh\a^'H) 



2a a 
( A \'/' 

a2(t,a > 0,ir = 0) = (-^j cosh(2a^/2t), 

a^(t,a > 0,ir > 0) = ^ —^ ^ -. (125) 

2a a 

While one could in principle insert of all these forms for a(t) into the various expressions for 
the fluctuations that we found above, the ones of most interest to conformal gravity are those with 

< 0. Specifically, on theoretical grounds one can show [21] that above the critical temperature at 
which 5*0 becomes non-zero, the only non-trivial solutions to the resulting T^™ = are those with 
ii" < 0, with the positive energy density of the matter field being cancelled by the negative energy 
density of a < gravitational field to which it is coupled, and with the global topology of the 
Universe being fixed once and for all before it undergoes any phase transitions as it cools. Secondly, 
as we discuss below, galactic rotation curves probe the structure of the global cosmology (these 
global effects replace the need for local dark matter within galaxies) and lead [TO] to negative 
K. Thirdly, in the fits to the accelerating Universe data, again it is i^' < that is favored [HI [1]. 

While the supernovae fits favor both K < and a > (viz. the theoretically favored A < 0), 
there is not a great deal of statistical difference between those fits and ones with i^' < and a = 0. 
Since the associated a = a(t) is more tractable, for our purposes here we shall restrict to the 
i^T < 0, a = solution. On recalling that K = — 1/L^, in this solution we obtain 

I-'-^-)"/ .(,.4%-<0) — '■"'((^)- 

Inspection of f lll7p shows that for lightlike configurations with p = x (i-6- along a null geodesic of the 
geometry) tensor fluctuations such as Kee{t, r, 6, (p) grow as t^, while in those timelike configurations 
for which p ^ x (i-G- ^oi —KSot/{2Ay^'^ ^ r) the fluctuations grow as t^. This is not only quite 
rapid growth, it is altogether more rapid than the growth obtained for tensor fluctuations around 
an RW geometry in the standard second-order theory. 

6 General Comments 

6.1 Implications for Cosmology 

In this paper we have provided the initial groundwork needed to develop conformal cosmological 
perturbation theory. Much of course remains to be done, especially in determining the behavior of 
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the matter field fluctuations and in discussing fluctuations in the gravitational sector that are not 
of the spatially transverse and traceless tensor type discussed here. Such a more detailed analysis 
is needed in order to be able to address the anisotropy of the cosmic microwave background and 
the growth of large scale structure in the conformal theory. One of the potential beneflts of such 
a study could be in the behavior of the cosmic microwave background at large angles where the 
inflationary Universe [22] gives too much power (see e.g. [23] and references therein for a recent 
discussion of the current status of the problem). 

To be more speciflc, we note that if we consider a generic expansion rate of the form a{t) ~ t" 
starting off at some initial time tj, the horizon size integral d}i{t) = fl^dt/a{t) will behave as 
[t^~'^/{l — n)]\l,. If the expansion is an adiabatic one with a{t) = 1/T(t), then di{{t) = [^max'*''" ~ 
T(t)*^"^^^/"']/(n — 1) where Tmax = T{ti). Consequently, if the recombination temperature is alto- 
gether smaller than the initial temperature Tmax, the horizon size at recombination will become 
very large if > 1, but will be very small if < n < 1. Background RW cosmologies with n > 1 will 
thus have no horizon problem, while those with < n < 1 will [21]. Since the standard cosmology 
leads to a t^/"^ behavior in the radiation era, the standard early Universe RW cosmology has a hori- 
zon problem. With inflation leading to an exponential a{t) ~ e^* expansion rate, such an a{t) grows 
faster than any power and immediately solves the horizon problem. However, inflation solves the 
horizon problem by a lot more than is needed (just a{t) ~ with n > 1 is needed) and could thus 
be getting much further outside the standard cosmology horizon than is necessary, and potentially 
be producing too much power on large angles. In contrast to the standard RW cosmology, the 
expansion rate of conformal RW cosmology is such that it does not lead to any horizon problem 
[25] (though it does so at the expense of a possible nucleosynthesis problem [2S1 EZl EHl ES])- And 
as we saw above, the conformal cosmology fluctuations grow much faster than the ones obtained 
in a standard RW cosmology but less rapidly than the ones obtained in an inflationary cosmology. 
It would thus be of interest to see if conformal cosmology strikes the right balance of having a 
background that expands fast enough to have no horizon problem, while having fluctuations that 
grow fast enough to produce a detectable anisotropy at the time of recombination but not so fast 
as to produce too much power at large angles. 

While a more detailed discussion of the anisotropy of the cosmic microwave background in the 
conformal case must await an explicit calculation, we should point out here that the need for a 
negative K in the conformal case is not necessarily in conflict with the flatness found in data 
analyses based on the standard inflationary model. Speciflcally, what is determined in current 
cosmic microwave background analyses is the size of fluctuations as measured at recombination 
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compared to the "standard ruler" size to which they are expected to grow to after starting in 
the inflationary era. Since the growth rate of early Universe fluctuations is quite different in the 
conformal case, the standard ruler size to which they would grow by recombination could be radically 
different from the size that occurs in the standard inflationary model, with a measurement of that 
size potentially leading to a totally different inferred value for K. 

6.2 Implications for Galactic Rotation Curves 

As we had noted above, galaxies are inhomogeneities, with the recent work of p!T| [T2| [13] on galactic 
rotation curves actually having a connection to the fluctuation issue. In the original study of the 
geometry associated with static, spherically symmetric sources in the conformal theory, it was noted 
[I^I5U] that via a sequence of conformal and coordinate transformations the line element in a static, 
spherically symmetric geometry could be brought to the form 

ds^ = -Biryde + + r^de^ + sin^ 6 d(P^ (127) 

B{r) 

to thus be expressed in terms of a single metric coefficient B{r). In terms of this line element the 
exact fourth-order equation of motion given in ([3]) reduces to the remarkably simple fourth-order 
Poisson form 

' - W^;) = V^i? = ^ + = -47T(n - T\.) = f{r). (128) 



B{r) ' dr^ r dr'^ AagBir 



Solutions to ( I128p are of the form 

B{r) = r dr'r'^fij-')- — r dr'r'^f{r') 

2 JO 6r Jo 

— / dr'r'^f{r') / dr' r' f{r') ^ B{r), (129) 

2 Jr 6 Jr 

where i?(r) obeys V^-B(r) = 0. 

For a localized source function /(r) that is restricted to the < r < tq region, only the first two 
integrals in fll29p contribute to B{r > tq) and yield (on conveniently setting B{r) = 1) 

2/3 

B{r > To) = I - — + 7r, (130) 
r 

where 

ro . , „ _ „ 1 ro 



2/3 = -/ dr'r'^fir'), 7 = -77 / dr'r'^f{r'). (131) 
o JO 2 JO 

The term in (I130p that grows linearly with r is the spatial analog of the linear in time behavior 
found in dH]), and leads to potentials that grow rather than fall at large distances. An integration of 
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(11301) over the material within the galaxy yields a net -Bloc(^) contribution to the galactic potential 
generated by the local material within the galaxy. 

However, unlike the situation in standard gravity, one cannot use the net local contribution 
Bi^oc{r) alone (even with its linear term) to fit galactic rotation curves as one cannot ignore the 
linear potentials coming from inhomogeneous material outside of the galaxies. Rather the contri- 
bution coming from inhomogeneities located outside the galaxy generates the last two integrals in 
(11291) . As discussed in [HI [121 [13] , if the exterior /(r) distribution starts at some typical cluster 
radius rdus, then in the ro < r < rdus region the contribution of the fourth integral acts like a 
quadratic de Sitter like potential with a strength 

1 f'^ 

K = - dr'r'f{r'). (132) 

(While the third integral in ( I129p does contribute to the potential, when the integration range starts 
at a fixed rdus, this integral makes no contribution to the force and so we do not consider it any 
further.) Since the integral in ( I132p is independent of the galaxy of interest, its contribution is 
universal for all galaxies. 

In addition to (I132p there is a further global contribution provided by material outside the 
galaxy, this one associated with non-trivial solutions to V^-B(r) = 0, a thus necessarily homogeneous 
contribution in which W^y given in ([3]) is zero. As recognized in [ISl [ID], this contribution is due to 
the background cosmology itself. Specifically, we recall [TU] that a coordinate transformation of 
the form 

P = —, TTTT^ ■, f = -, r-TTT, T = dt ait) (133) 

^ 2(l + 7or)V2 + 2 + 7or' (l-7op/4)2' J ' > 

effects the metric transformation 

dr"^ 
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a?{T) ll-7op/4i 



-c'dr' + 



M 2L,^,. {dp' + P'dd' + p'^^' 
[I - 7oP /16]2 V 



(134) 



With the bracketed term on the right-hand side of ( 11341) being recognized as an RW geometry with 
an expressly negative definite K = — 7q/4, we see that in the rest frame of a galaxy, a K < 
cosmological background acts as a universal linear potential 70 whose strength is independent of 
the galaxy of interest. Since as noted above conformal gravity precisely produces such a K < RW 
background, its effect on galactic rotation curves is to produce an effective universal linear potential 
term. 
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With the net local -Bloc(^) contribution is combined with the two universal global terms, the 
total weak gravity metric is then given by 



BTOT{r) = Bi,oc{r) + Iqt - nr . (135) 

With the luminous material in a spiral galaxy typically being distributed with a surface brightness 
of the form S(-R) = e'^^^" L/27[Rl where L is the total luminosity, and with the potential produced 
by a single star being of the form V*{r) = [B*{r) — l]c^/2 = —f3*c^/r + 7*c^r/2 as per fll30p . the 
local galactic -Bloc('") is readily computed with rotation velocities then being given by the very 
compact formula 
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IRq / \2R()J \2RqJ \2Rq 



+ ^'■>'^^'iJ^)kJ^)+1^~.c^R\ (136) 



V^Qrp{R) 



2Rq \2RqJ \2Rq) 2 

where N*Mq = M = {M/L)L is the total mass of the galaxy. Through the use of fll36p and 
with no local material being included in -Bloc('") other than the known luminous material within 
galaxies (i.e. no dark matter), successful fitting to no less than 138 galactic rotation curves is then 
obtained [HI [121 IE]- In the fits the only free parameters are the galactic mass to light ratios 
(one free parameter per galaxy) that normalize the strength of i?Loc(^) to the measured galactic 
luminosities, with everything else being universal. On defining 7* as the coefficient in (I130p for one 
solar mass of material, and with /3* = 1.48 x 10^ cm of the Sun already being known, from the 
fitting the three needed parameters of the conformal theory are found to be given by 

7* = 5.42 X 10"^^ cm-\ 70 = 3.06 x 10~^° cm'\ k = 9.54 x 10"^^ cm'l (137) 

These numbers confirm that 70 is indeed of cosmological magnitude and that k is indeed associated 
with a somewhat smaller, inhomogeneous cluster-sized scale, with the success of the fitting sug- 
gesting that the use of dark matter in galaxies is nothing more than an attempt to describe global 
physics effects in purely local galactic terms. For our purposes in this paper, we note that the use 
of fll36p not only involves a detailed interplay between the homogeneous cosmological background 
and the inhomogeneities in it, through explicit determination of the parameters 70 and n, galactic 
rotation curves are directly measuring both the spatial curvature of the background cosmology and 
the moment integral given in fll32p that is associated with the inhomogeneities in it. Once the study 
of this paper is extended to matter fluctuations, one will be able to ascertain the degree to which 
such fluctuations are aware of either of these 70 and k, scales. 
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6.3 Implications for Inhomogeneities 

As well as being related to the growth of inhomogeneities, the k term also has implications for 
inhomogeneities even after they have been formed. The inhomogeneous structure of systems such 
as clusters of galaxies for instance can be explored observationally by two kinds of probes, one an 
interior one and the other an exterior one. The interior probe involves measuring galaxy kinematics 
and X-ray kinematics, while the exterior probe involves measuring lensing by clusters. For the 
interior case we need to use fll29p for points within the cluster, and for lensing we need to use f ll29p 
for points exterior to the cluster, and in both cases we need to include the global effect due to the 
rest of the material in the Universe. Since previous applications of conformal gravity to clusters 
(velocity dispersions [31], X-rays in clusters |32l |33], and lensing [Ml [35]) did not include such a 
global effect, studies of its possible impact on clusters and also on gamma ray bursters (see [201 EZ] 
and the encouraging recent analysis of [SS]) could be instructive. 

The gravitational lensing issue is of particular interest since it was noted in [SH] and [10] that 
if one uses the standard gravitational bending formula due to a point source but with the metric 
given in fll30p . for a positive value of the 7 parameter (as per fll37p ) one finds bending away from 
the source (defocusing) rather than toward it. (For an explanation of how a linear potential could 
be attractive for non-relativistic motions and repulsive for relativistic ones see [21] ■) However, in 
a recent study of gravitational bending in a de Sitter geometry, Rindler and Ishak [HI |12] pointed 
out that because the de Sitter geometry is not asymptotically flat one could not use the standard 
textbook gravitational bending formula, and they instead provided an alternate prescription. The 
same concerns equally apply to the linear potential case as well, as it too is not asymptotically flat, 
with the study of [22] finding that the revised amount of bending away from the source was then 
completely negligible. Still left to be done is to see whether the inclusion of material external to the 
source as embodied in the 70 and k terms could then produce bending toward the source, bending 
that is commonly attributed to dark matter. 

6.4 Implications for Second-order Fluctuations 

While we have shown that we can use the underlying conformal symmetry of the conformal gravity 
theory to monitor the behavior of first-order gravitational fluctuations around backgrounds that 
are conformal to fiat even if the fluctuations themselves are not, we can extend the analysis to 
second-order fluctuations as well. In fact, just as with the first-order fluctuation equations, the 
second-order fluctuation equations are also found [12] to only depend on the traceless part of the 
fluctuation. For instance, for transverse-traceless fluctuations around a flat background the term in 
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the /w action of ([T]) that is second order in the fluctuation h^^ is found to be of the form [5] 

/w = / d^xd^d^K^^dpd^K^', (138) 

to indeed only depend on the traceless Kfj_iy. 

Given f ll38p . by functional variation with respect to the metric we can obtain the contribution 
of a transverse-traceless K^j^^, to the second-order 1^00(2) and thereby determine the energy carried 
by a gravity wave. To be specific, we note that for first-order tensor fluctuations around a flat 
background the general solution based on f rM|) takes the form 
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(139) 



i«(fc)e«(^)e-^-^ - iuj,B^^{k)efM{n ■ x)e-'^-^ 



when written in a massless plane wave basis with Uk = \k\. In this solution K^y{x) is expressed in 
terms of operators A^'^^ik), A'^''^^{k), B^''\k) and B^''\k), two transverse-traceless polarization tensors 
e^^l{k) [i = 1,2), both of which are normalized to eap^"'^ = 1, and a unit timelike reference vector 
= (1,0,0,0). If we evaluate the contribution of this K^^ to the second-order perturbation 
correction to Wqq in a background that is flat, we obtain [5j 

-iagj (fxWoo{2) = Y.J d^kuk [A^'\^B^'\k) + A^'\k)M'\k)) + 2B'^'\k)B^'\k)] . (140) 

i 

Inspection of fll40p shows that if we drop the asymptotically-non-flat B^^\k) modes, then since 
there are no A'-'\k)A^'\k) cross terms in (fT40|) . we will be left with J d:^xWoo{2) = 0, with the A^'\k) 
modes themselves thus carrying no energy. Since, as shown in Sec. (4.3), the A^^\k) type modes 
are also solutions to a second-order wave equation, we see [lH HSl 0, SS] that in the fouth-order 
conformal gravity theory those fourth-order gravity wave modes that are also solutions to standard 
second-order Einstein gravity do not carry any energy in the fourth-order case even though they of 
course do carry energy in the second-order case. Thus, while the A^^ type gravitational wave is a 
solution to both the second- and fourth-order theories, we see that in the conformal case it is not 
able to carry any energy at all. As noted in |5j, it is only the B^^, type solution in (174|) and (11401) 
that carries energy. 

The form for / d^xWoo{2) given in (11401) is to be anticipated given the conformal gravity zero- 
energy theorem of Boulware, Horowitz and Strominger who showed that if one restricts to 
asymptotically flat solutions (i.e. effectively keep A^^, but not B^^), the total energy carried by a 
gravity wave would be zero. However, the theorem imposes no constraint on non-asymptotically-flat 



35 



modes, and if we drop the A^^\k) modes from / (PxWqq{2), the contribution of the B^^\k) modes 
will not then be required to vanish. 

Given the above result for fluctuations around a flat background, we can now use the techniques 
developed in the first-order case to infer that if we fluctuate around a background that is conformal to 
flat, because of ([8]) we will find that the contribution of the conformally transformed A^j^^, type modes 
to the conformally transformed / d^xWoo{2) will be zero too. Thus even though the fluctuations 
around a background that is conformal to flat are not themselves conformal to flat, such fluctuations 
will always contain some modes that carry no energy in second perturbative order. To identify 
the particular modes involved for fluctuations around a de Sitter background for instance, we 
note that on comparing (1521) with fll39p . we see that solutions to [Vq,V° — 2H'^]h^y = have 
B^'\k) = —A^'^k), B^'\k) = —A^'\k), and thus cause / (fxWoo{2) to vanish, de Sitter background 
[VaV"" — 2H'^\h^u = type modes thus carry energy in standard gravity but not in the conformal 
case. While beyond the scope of the present paper, differences such as these between second-order 
and fourth-order gravity waves could eventually enable one to distinguish between the two theories. 

6.5 Relating Einstein Gravity and Conformal Gravity 

While this paper has concentrated on the conformal gravity theory and compared its predictions and 
structure with that found in Einstein gravity, there are some recent indications [IHl SSI EDI EI] that 
the two theories may be related in some way. The idea that there might be a possible connection 
between the two gravitational theories is an old one, with authors such as Adler Zee [S3], and 
Hoyle and Narlikar [M] having explored either the / d'^x {—gY^'^Cx^jji^C^^'^'^ action or a conformally 
coupled scalar field theory. 

Renewed interest in the possible existence of a connection between the two gravitational theo- 
ries was recently generated by 't Hooft in a series of papers [HI HH EO] in which he reformulated 
the Einstein gravity path integral by integrating not over the individual g^v{x) metric components 
themselves but by first integrating over the determinant of the metric, this essentially being equiv- 
alent to treating the metric conformal factor as an independent dynamical degree of freedom. On 
doing the path integral this way 't Hooft obtained a dimensionally regularized effective action of 
the form 

/eff = ^ / d'x{-gY''[R^'^R,^ - liR^n (141) 

where C = l/87r^(4— D) in spacetime dimension D. In f ll4ip we immediately recognize the conformal 
gravity action given in ([!]), with the conformal gravity action thus naturally being generated in a 
theory in which one starts with the Einstein-Hilbert action alone. 
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However as also noted by 't Hooft and reemphasized in [S], if one instead starts not with a 
gravity theory at all but with a fermionic theory in which the fermion kinetic energy operator is 
coupled to arbitrary external gravitational and electromagnetic fields according to 



'M 



d^x{-gf'mx)Y{x)[id^ + iT^{x) + (142) 



then without making any reference at all to the form of the action in the gravitational sector, a 
path integration over the fermionic fields yields a dimensionally regularized effective action of the 
form 

/eff = / d'x{-gf"C [^[R'^'R^u - \{R\f] + \f,uF^'''\ , (143) 

where C is precisely the same constant as the one that appears in f ll4ip . From (1143^ we see that 
not only do we generate the conformal gravity action, we see that it is the conformal gravity action 
that should be thought of as being on an equal footing with the Maxwell action rather than the 
Einstein-Hilbert one. Since a fermionic path integral over the completely standard and mundane 
action in fll42p must appear in any theory of gravity (a path integration that is equivalent to a 
single closed fermion loop Feynman diagram), one is never free to study gravity theories in which 
the conformal gravity action is not included. One can argue only over the possible strength of such 
terms, with the coefficient C actually being infinite in D = 4 (just as it is for the Maxwell term [55]). 
Since such conformal gravity terms have to be there, one needs to explore their possible implications 
and determine their strength from experiment, with the material presented in this paper being an 
initial step toward that goal. 

While the objective of 't Hooft was to generate conformal gravity starting from Einstein gravity, 
the objective of Maldacena |5T] was to do the converse, namely to generate Einstein gravity starting 
from the conformal theory. Now this had also been the objective of Adler, of Zee, and of Hoyle 
and Narlikar, who looked to descend from conformal gravity to Einstein gravity via spontaneous 
breakdown of the conformal symmetry. However, the approach of Maldacena is somewhat different. 
Specifically, he starts by noting that in the pure gravity sector, any geometry in which G^i, + Ag^^iy 
is zero (A being a zero or non-zero constant) will be a geometry in which Wf^i, is zero too. Hence 
solutions to Einstein gravity that obey G^^, + Ag^^ = will equally be solutions to conformal gravity 
too. However, as indicated for instance in f in|) and (I130p . the conformal theory has other solutions 
too. Thus if one could find a way to eliminate these extra solutions, in the pure gravity sector one 
would be left with the solutions to Einstein gravity alone. To this end Maldacena studied de Sitter 
space and imposed an asymptotic future boundary condition that is to exclude solutions that grow 
linearly (or analogously) in time, to thereby remove the Bfj^^, type solutions given in (I7i|) but not 
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the A^i, type solutions. In this way one is then left only with the plane wave solutions that also 
appear in the standard Einstein theory [55] . 

To conclude, we note that one can delineate three possible options for gravitational theories: 
pure Einstein gravity, pure conformal gravity, or an Einstein gravity that is related to conformal 
gravity. Further analysis of the type developed in this paper could enable one to distinguish between 
the various cases. 
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